We explore recently predicted multifrequency 2p solitons in multicascade stimulated Raman scattering (SRS) that was mode locked by the dynamics of population at a Raman quantum transition; we show that these solitons are eigensolitons of a general solitary-wave solution. Soliton components at each frequency are bright pulses of the same (Lorentzian) shape, in contrast to the familiar bright -dark soliton pair in regular SRS and to 1͞cosh regular 2p solitons. Coherent interference of these components gives rise to a train of well-resolved subfemtosecond pulses. From an observation viewpoint the simplest SRS 2p solitons are so-called bright -bright solitons in noncascade SRS with either two (laser 1 Stokes) or three (e.g., laser 1 Stokes 1 anti-Stokes) components.
INTRODUCTION
The generation of very short coherent pulses with high repetition rates and very high intensities is of great importance for various applications in both fundamental and applied physics. The shortest optical pulse length to date, 6 fs, was achieved in 1987 based on the pulse compression technique. 1 It was recently proposed that a Fourier synthesizer be used 2 to generate subfemtosecond pulses (SFP's) by the superposition of equidistant frequencies from separate lasers synchronized by nonlinear phase locking. In our most recent study 3 we proposed generating solitary SFP's of unipolar (subcycle) nonoscillating electromagnetic field (EM-bubbles) of up to atomic amplitude (corresponding to the intensities ϳ10 15 -10 16 W͞cm 2 ) in gases by direct use of the socalled half-cycle pulses. The feasibility of generating SFP by higher harmonic generation (HHG) has also been discussed 4 -5 ; it is clear, however, that SFP that is due to HHG, if observed at all, would have an energy many orders of magnitude lower than that of driving radiation.
In a recent study by Kaplan 6 it was proposed that another approach based on multifrequency cascaded stimulated Raman scattering (CSRS) be used. The idea of using multi-CSRS is based on the fact that CSRS, which has been known, in effect, for many years, 7 provides tremendously broad spectra, with the multiple CSRS lines (generated by the same pump) spread from far IR (down to a few micrometers) to extreme UV and that carry a considerable power that is due to a very high conversion efficiency; up to 40% of pump energy can be converted into CSRS lines. Provided that all these CSRS components are properly phased or locked to each other, this broadspectrum system of CSRS lines can organize itself into a train of very short (subfemtosecond and subcycle) pulses in which each of the pulses has a length (time duration) of the order of one cycle of the highest-frequency component (which can be much shorter than the cycle length of the pump radiation) and extremely high intensity. An example considered here shows the feasibility of the formation of a train of ϳ0.2-fs-long, ϳ10
14 -10 15 W͞cm 2 intensity pulses with ϳ8 fs spacing between them (see Fig. 1 ). The potential advantages of the proposed method compared with e.g., synchronized lasers, is that the equidistance of frequencies is sustained automatically and, compared with HHG, that the achieved efficiency of conversion from laser pump into the multi-CSRS exceeds that of HHG, which is currently ϳ10 28 -10 27 , by many orders of magnitude. Besides, a proposal to modulate the polarization of the driving wave in HHG 5 with two lasers implies the generation of envelope HHG pulses with many cycles of a single (or few) harmonic(s) inside one envelope (with their total power being even much lower than the multiharmonic pulses of Ref. 4 .
To attain SFP generation, the main problem to be solved is to line up the multiple CSRS components, i.e., to phase lock them and force them to propagate with the same group velocity to overcome a walk-off effect. The supershort pulses considered here are the result of coherent interference of all the participating CSRS components, which have to be present in the same space -time area over a sufficiently long path of their interaction. Without component locking, the walk-off effect might not allow pulse formation, as the group velocities of different CSRS components over such a large spectral stretch can be substantially different. We predicted that, in the general case of multi-CSRS, 6 as well as for simpler two-and threecomponent SRS, 8 this problem can be solved by the formation of multicomponent solitons, whereby all the Raman components are mode locked within a 2p soliton, reminiscent of self-induced-transparency (SIT) solitons 9 and related to the quantum dynamics at the Raman transition. We demonstrate here, following Refs. 6 and 8, that Raman active materials (with the transition frequency v 0 ) can support solitons consisting of a pump laser wave (with the frequency v L ) and many Stokes and anti-Stokes components with their frequencies v j : is that all the frequency components of a new soliton are bright pulses; all of them propagate with the same group velocity and, in the case of eigensolitons, have the same shape. High-order CSRS required for the proposed phenomenon was first observed experimentally 7 and understood 7, 12 in the early 1960's, with a total number of components of up to ϳ10 -20 and even higher (up to ϳ40 in Ref. 13) . The other required effect, all-bright SRS solitons, has never, to the best of our knowledge, been observed in experiment. The threshold nature of those solitons stipulates proper choice of group dispersion, driving intensity and frequency, and a sufficiently short driving pulse. Our recent estimates 8 showed that materials can be found to meet these requirements for two components, with the intensity requirements' being modest. Similarly, material and laser parameters could conceivably be found to satisfy the threshold conditions for CSRS solitons, for which a reward for the effort is substantially high.
In Section 2 we introduce general Maxwell 1 Bloch equations of the nonlinear CSRS propagation and discuss their general stationary-(solitary-) wave solution in Section 3, and their fundamental eigensolitons, the socalled 2p bright solitons and their fundamental properties, in Section 4. In Section 5 we discuss the simplest (noncascade) case of a two-component bright -bright SRS soliton (laser 1 Stokes), as well as a three-component soliton (laser 1 Stokes 1 anti-Stokes). In Section 6 we consider the formation of SFP's caused by coherent interference of many (up to 12) CSRS components.
GENERAL MAXWELL 1 BLOCH EQUATIONS
In the plane-wave approximation, the total CSRS field comprises M components:
where M S (M A ) is the number of cascade Stokes (antiStokes) components that are colinearly propagating along the axis z and can be written as
where E j ͑t, z͒ is the envelope of the jth component, k j v j n j ͞c, and n j n͑v j ͒ is the refractive index at v j . The Raman quantum transition is described by the density matrix with nondiagonal elements r 12 r 21 ‫ء‬ and the difference D r 11 2 r 22 between populations of the lower (ground) level r 11 and upper (excited) level r 22 , where r 11 1 r 22 1. Assuming r 12 in the form
3)
Raman-coupled Maxwell equations for the envelopes E j ͑t, z͒ are obtained, e.g., by using the procedure 14 as
where v j dv j ͞dk j is a group velocity at 15 v j , E 2͑MS 11͒ E MA11 0, N a is the number density of Raman particles, j j 21,j exp͓i͑k 0 1 k j 21 2 k j ͒z͔ are phase mismatch factors, and
are nonlinear Raman coefficients. 14, 16 Here d 1m ͑d m2 ͒ is a dipole moment of a transition between the lower (upper) Raman level and the mth quantum level, v m1 is the frequency of the m ! 1 transition, and e j is the unit vector of polarization at v j ; the summation is executed over all the quantum transitions except the Raman one. Equation (2.4) is valid when the local dispersion near each of the frequencies is much smaller than the large-scale dispersion between any two adjacent frequencies, which is usually the case in CSRS; we also neglected absorption by assuming that all the CSRS frequencies are sufficiently far from resonances. The dynamics of the polarization s and population difference D is governed by the Bloch equations generalized for two-photon processes:
whereṼ R is a (in general, complex) Rabi frequency of the system; by using, e.g., a generalized two-level system approach 14 it is found as
The first integral of Eqs. (2.6) is a Rabi radius:
(here const. 1, as r 11 1 r 22 1). Because the new solitons are usually a few orders of magnitude shorter than the relaxation times of a typical Raman transition, the relaxation is neglected in Eqs. (2.6). Similarly, because the coherent lengths ͑k 0 1 k j 21 2 k j ͒ 21 ͑. . k 0 21 ͒ are usually much larger than the spatial length of the soliton (which is especially true in gases or vapors), we also assume that j j 21,j ഠ 1 (for M 2, i.e., laser 1 first Stokes; j 1 is an exact relation). As is common in SRS theory, in Eqs. (2.4) and (2.6) we neglected small corrections to the group velocities v j and the Stark shift of the Raman frequency v 0 , which, if needed, can easily be accounted for (see, e.g., Refs. 14 and 16).
GENERAL STATIONARY-WAVE SOLUTION
Defining a stationary wave (of which solitary waves or solitons are a particular case) as a solution in which all the envelopes E j , D, and s propagate without change and with the same (unknown at this point) velocityṽ, using retarded coordinates 1) and stipulating that
we retain Eqs. (2.6) with ≠͞≠t replaced by d͞dh and transform Eq. (2.4) into a set of ordinary nonlinear differential equations:
where
are the group-velocity dispersion parameters, 15 normalized Raman coefficients w j 21,j are
and
are flux amplitudes (such that F j jᏱ j j 2 are photon fluxes of the respective components). Equations (2.6) and (3.3) yield two more integrals: 
is a Rabi phase, and the upper sign in Eqs. (3.8a) corresponds to the atoms being initially ͑h ! 2`͒ at the equilibrium D͑2`͒ 1, whereas the lower sign corresponds to the an inverse population D͑2`͒ 21 at h ! 2`. Introducing
we reduce Eq. (3.3) to the set of M linear differential equations for the envelopes Ᏹ j by writing it as
Once the eigenvalues g k of this set are evaluated, its solution is immediately found as In the general case, the equation for nonzero eigenvalues of Eq. (3.10) have the form of a polynomial in g 2 . Its solution, in the simplest case of only two components 8, 10 M 2 (i.e., laser 1 Stokes) is
In the case of M 3 (e.g., Stokes 1 Laser 1 anti-Stokes, or two Stokes 1 laser, etc.), it is
whereas, in the cases of M 4 and M 5, it is found as
where 15) and for M 4 one has 16) whereas for M 5 one has
Using the Maxwell-equations solution [Eq. (3.11)] and noting that the Rabi frequency,
can now be expressed as 
21) whose general solution is readily found in quadrature form 4 : 
2p BRIGHT (EIGEN)SOLITONS
For an eigensoliton, all but one coefficient c jk in Eq. (3.11) vanish, such that Ᏹ j c j exp͑gc͒. Thus all the components of the eigenwave have the same time dependence. Of special interest is a bright soliton, i.e., a solitary eigenwave whose CSRS-components vanish at the edges: where the Rabi frequency is
h 0 is a position of the peak of the soliton ͕with S pk cos 2 ͓f͑`͒͞2͔͖ that can be assumed here as h 0 0, f͑`͒ is the initial phase of Rabi oscillations, and
is the soliton length. The area of the eigensoliton is
i.e., not necessarily an integer of p, a situation unusual for SIT-like solitons. In the limiting case in which f R p͞2 (i.e., Df R p, which corresponds to a p soliton), the eigensoliton has a seemingly familiar profile:
(Note, though, that this is an intensity profile, not the amplitude profile as in SIT solitons.) However, this soliton is due to the most unlikely initial conditions: D͑2`͒ 0 and s͑2`͒ 21, i.e., they originate from the state in which the population is fully saturated and there are nonzero nondiagonal elements. For the intermediate solitons with 0 , f͑`͒ , p͞2, the initial state of the system is D͑2`͒ 6cos f͑`͒ and s͑2`͒ 2sin f͑`͒ fi 0.
Although preparing initial states with s fi 0 may not be an easy experimental task, they are still feasible (even if the finite relaxation is taken into consideration) if another short pulse is used as a precursor. Fortunately, however, a regular initial state of the system [i.e., D͑2`͒ 61, s͑2`͒ 0͔ can also give rise to the eigensoliton with f͑`͒ 0, i.e., a 2p soliton ͑Df R 2p͒; it has a very simple Lorentzian profile: .8) i.e.,
where F pk is a peak total photon flux. With Eq. (3.3), ja j j 2 is evaluated as
where b 2MS 21 0, b 2MS 1, and for M A $ j . 2M S , b j can be found either through the recursion formula, 12) or directly as
where D j is the determinant of a matrix whose elements a m,n are defined for m, n # j as 14) and a j,k 0 otherwise. With Eq. (3.21), F pk is obtained as 15) where the signs correspond to those in Eqs. (3.8a). The total number of photons in the soliton is
If P S or t is given, one can find the velocity of the soliton, v. The conditions Re͑g 2 ͒ . 0 and F pk . 0 impose limitations on the dispersion and the nonlinearity of the system. For M 2 and M 3, these limitations and dispersion conditions are discussed in Section 5.
TWO-AND THREE-COMPONENT BRIGHT-BRIGHT STIMULATED RAMAN SCATTERING SOLITONS
It is well known 11, 18 that ordinary SRS (i.e., laser 1 Stokes) may result in the formation of peculiar solitons that combine a so-called bright (regular) soliton at the pump (laser) frequency and a so-called dark soliton (a deep minimum in the intensity profile) at the Stokes frequency. Following experimental observations, most of the theoretical work neglected the change of populations at the Raman quantum transition. As we have shown above, if the population at the Raman transition is an essential part of the pulse dynamics in a medium with nonvanishing dispersion, SRS may result in 2p pulses that consist, in the case of only two components, of two bright solitons at the pump and the Stokes components, both of which have a Lorentzian envelope. Theoretically discovered for M 2 a long time ago, 10 these solitons have not been observed experimentally, which may be attributed to their threshold nature that imposes limitations on the pulse frequency and the length for the most of the materials traditionally used for SRS. In this section we use the general theory developed above to find conditions for experimental excitation of the two-and the three-component bright -bright 2p solitons.
The eigenvalue g and the respective relaxation time t [Eq. (4.4)] are determined by Eqs. (3.12) and (3.13), respectively. Thus, for M 2 (laser 1 Stokes),
and for M 3 (laser 1 Stokes 1 anti-Stokes or laser 1 Stokes 1 second Stokes),
In both these formulas we assumed that n ഠ 1. With Eq. (4.11), the coefficients ja j j 2 are evaluated for the two-component soliton as
where d SL 1͞v S 2 1͞v L and d S͑L͒ 1͞v S͑L͒ 2 1͞ṽ, and for the three-component soliton the coefficients ja j j 2 are evaluated as
The peak total photon flux F pk is obtained from Eq. (4.15) for M 2 as
where the signs correspond to those in Eq. (4.7b), and for M 3 as
The total number of photons within the soliton pulse, defined by Eq. (4.16), for the two-component soliton is
For the three-component soliton, P S is similarly obtained by Eqs. (3.13) and (5.4).
All the values g 2 , N a , and ja j j 2 are positive. This determines the following dispersion condition required for supporting a two-component soliton, M 2, if initially the particles are at equilibrium:
the inverse dispersion condition is required if the population was initially inverted. For the three-component soliton, M 3, if the Raman states are initially at equilibrium, the dispersion conditions are either
As we mentioned above, the major characteristic of the bright -bright SRS soliton is that it is a threshold soliton; its parameters must satisfy threshold conditions,
For the two-component soliton, M 2, the respective threshold (critical) values are
At the threshold, 1͞ṽ ͑1͞v S 1 1͞v L ͒͞2. Note that both F cr and P cr depend on only spectral parameters and not on the concentration of Raman particles, because d SL , w SL~Na . The threshold conditions of inequalities (5.11) impose limitations on the parameters of both a medium and a driving field, in particular, on the pumping pulse length (or, more precisely, on the soliton length t). Our estimates show that for the most of the typical SRS media, t cr may be as short as a few femtoseconds. Thus the major requirement is the selection of material and laser frequency. One of the natural choices is electronic SRS in alkali metal vapors, e.g., in Cs vapor, 19 which has a high (up to 50%) conversion efficiency. For the lasers used in Ref. 17 ͑l L 420 -530 nm), one can show that t cr , 10 fs, which is too short. The time t cr and therefore d SL can be increased by resonant enhancement. Such an enhancement, however, is impossible if initially only Cs ground level is populated. Indeed, the frequency of IR Stokes radiation is much lower than the frequency of any transition from Cs ground level. On the other hand, if laser frequency is close to the frequency of such a transition, then d SL , 0 (this can be shown by using the Sellmeier equation 16 for the refractive index of gases and vapors to evaluate the Cs refractive index). As a solution to this problem, we suggest tuning the pumping laser in such a way that the Stokes radiation is resonant to a 6p -5d transition and using another laser to slightly populate the 6p level. In particular, with 467. 17 
SUBFEMTOSECOND PULSES IN MULTICOMPONENT CASCADED STIMULATED RAMAN SCATTERING 2p SOLITONS
Let us now consider the case of multiple-component CSRS, with M . . 1, which is of main interest as far as SFP formation is concerned. To characterize the CSRS soliton fully with M . . 1, in particular the spectral distribution of the Stokes and the anti-Stokes components in it, for a specific material, one has to account for a great Fig. 2(a) , (b) as in Fig. 2(b) , and (c) as in Fig. 2(c) .
number of nonlinear spectral characteristics of the material in a very wide range of frequences, from the far IR to the far UV. Instead, to illustrate that the SFP may appear for virtually any CSRS spectral distribution, here we choose (see Fig. 2 ) three substantially different model spectral distributions whereby the photon fluxes (a) are equally distributed between the CSRS components,
(b) peak in the middle of the CSRS spectrum and fall off parabolically toward both its ends,
where j max is the position in the middle of the CSRS spectrum (which is usually below the driving frequency); and (c) vanish in the middle of the CSRS spectrum and rise up parabolically toward both its ends,
We choose a line with l 0 ഠ 2.4 mm (as in a H gas) pumped by the third harmonics of a Ti:sapphire laser ͑l L ഠ 0.28 mm) with 12 components. The oscillations in the time domain for all these cases are depicted in Fig. 3 . In our simulation we assumed that the spacing between the pulses is much shorter than the soliton length t (the irregularities seen in Fig. 3 are due to incommensurability of v L and v 0 ). Distinct SFP's are evident in all the cases, and they are well separated. The length of each individual pulse is ϳ0.218 fs for the distribution of Fig. 2(a) , ϳ0.225 fs for Fig. 2(b) , and ϳ0.199 fs for Fig. 2(c) , although, as expected, the pulses with the most inhibited background correspond to the distribution of Fig. 2(b) , and those with the least correspond to Fig. 2(c) . Assuming that a significant portion of energy of the original laser pulse is trapped within a 2p CSRS soliton, there is a good potential for attaining a highintensity SFP by compressing the laser pulse into the SFP train. For the above example, assuming a 100-fslong laser pulse with a cross section 10 24 cm 2 and energy 10 23 -10 22 J, of which ϳ10% is trapped in a CSRS soliton of the same length, with the major part of trapped energy concentrated in SFP, as in the case of Fig. 3(b) , one obtains the peak SFP intensity of the same order as in an original laser pulse, i.e., ϳ10 14 -10 15 W͞cm 2 , and even higher for better laser systems. Because in real Gaussian beams, the anti-Stokes components are usually radiated away in the far-field area as narrow cones, the SFP's should be better observed in the near-field area; however, even if only Stokes components are left in the output beam, SFP's will be broadened by only 10% -20%. Future research should address two-dimensional and three-dimensional propagation: The conical radiation of anti-Stokes components that are due to parametric processes and regular diffraction, both linear and nonlinear), under certain conditions, linear absorption (which in general is not a major factor because most of the CSRS components are far from the absorption resonances), and photoionization (which may be a significant factor for the CSRS components in the extreme UV or soft x ray 20 ) may be considered.
In conclusion, we have demonstrated that Ramancoupled multiple CSRS components can form a 2p soliton, with the coherent interference of the mode-locked components giving rise to the SFP train of high intensity. The first, simplest step toward their observation would be experimental observation of the simplest SRS bright -bright soliton with only two (or three) components, as in ordinary Raman scattering with laser 1 single Stokes (or Stokes 1 anti-Stokes) components.
